Molecular simulations of confined liquids: An alternative to the grand canonical Monte Carlo simulations J. Chem. Phys. 134, 074104 (2011) Reversible uptake of water on NaCl nanoparticles at relative humidity below deliquescence point observed by noncontact environmental atomic force microscopy J. Chem. Phys. 134, 044702 (2011) Hard spheres revisited: Accurate calculation of the solid-liquid interfacial free energy J. Chem. Phys. 133, 234701 (2010) Visualizing water molecule distribution by atomic force microscopy J. Chem. Phys. 132, 194705 (2010) The intensity correlation function in evanescent wave scattering J. Chem. Phys. 132, 074704 (2010) Additional information on J. Chem. Phys. We discuss the behavior of a liquid partially wetting a solid surface, when the contact angle at equilibrium 0 0 is small, but finite. The solid is assumed to be either flat, but chemically heterogeneous (this in turn modulating the interfacial tensions), or rough. For weak heterogeneities, we expect no hysteresis, but the contact line becomes wiggly. For stronger heterogeneities, we first discuss the behavior of the contact line in the presence of a single, localized defect, and show that there may exist two stable positions for the line, obtained by a simple graphic construction. Hysteresis shows up when the strength of the defect is above a certain threshold. Extending this to a dilute system of defects, we obtain formulas for the "advancing" and "receding" contact angles ° a' 0" in terms of the distribution of defect strength and defect sharpness. These formulas might be tested by controlled contamination of a solid surface.
I. INTRODUCTION
Wetting phenomena have been studied quantitatively during two centuries (at least). I The specific observable which we want to discuss here is the contact angle ° for the fluid-gas-solid system represented in Fig. 1 .
If the solid surface is flat, smooth, and chemically homogeneous we are dealing with an ideal situation. Then, in equilibrium, the angle ° = 0 0 is related to the interfacial tensions defined in Fig. l This implies, for instance, that a vertical capillary containing a finite column of fluid, and displaying the angle 0 0 at both menisci (see Fig. 2 ) should always drain out by gravity forces (the Bertrand theorem). Ie In practice we all know that, for thin capillaries, the theorem is not valid, the column does not move. An equilibrium is set between hydrostatic and capillary pressures, and this imposes that the angles at the rear and at the front be different. Equation (1.1) is then violated, and the natural interpretation of this violation is based on irregularities of the solid surface. There are two main types of irregularities:
(i) surface roughness 2 -8 and (ii) inhomogeneous contamination of the surface.
Our first aim, in the present paper, is to focus on irregularity (ii), which is expected to be present often, and which is also amenable to a relatively simple theoretical treatment. The local inhomogeneity is described by a single function In turns out, however, that most of the physics can be extended to incorporate a discussion of the effects of roughness. This is explained later in Sec. VI. Thus, for many practical situations our analysis covers both problems (i) and (ii).
All our work is based on macroscopic (19th century) concepts. The special effects of long range van der Waals forces, which are known to command the fine structure of the triple line,3.4 are not incorporated here. Since the long range component is independent of surface contaminations, one may, in a first approximation, ignore it; this is in fact a safe assumption if, and only if, the size of the perturbed regions is larger than the range of the van der Waals forces (e.g., 300 A).
In Sec. II we discuss the elasticity of the triple line, i.e., what sort of deformations does the line display when it is subjected to arbitrary external forces, and in particular to a very localized force. Then in Sec. III we consider the effects of weak inhomogeneities (small h values in Eq. 1.2), they impose a certain wiggling of the line, but they do not create any hysteresis when h is small. To obtain hysteresis we need "strong" inhomogeneities. This regime is much more complex. To reach definite conclusions we focus our attention first on a single defect (see Sec. IV). Provided that the defect is small in size, we can construct the various allowed states, describing a line which is anchored to the defect, or free from it. Then we extend this to a distribution of defects on the surface (see Sec. V) and predict the macroscopic contact angles for an advancing line (Oa) and for a receding line (0,) [see Fig. lIb) ].
The special case of "mesa defects" (see Fig. AI ) is discussed at length in the Appendix. The word "mesa" means that the perturbation h (x ,y) has step-like singularities on the defect boundary. This, with a simple choice of defect shape (rectangle) leads to a relatively simple model, and is instruc-G A11.
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A;,~ tive, But, on the other hand, mesa defects are misleading, because even for very small h, they always lead to some hysteresis. Finally in Sec. VI, the practical implications and limitations of our general model are reviewed.
II. A SLIGHTLY DEFORMED CONTACT LINE
We consider for the moment a perfectly smooth solid surface, but we assume that the contact line is deformed by some weak external forces. We want to compute the response of the line to such forces. Later (in Sec. III) we shall replace these forces by the direct effect of inhomogeneities. The line is described by a displacement function 7](x) defined in Fig. 3 . Note that we assume only weak distortions (in particular, we do not allow for separate loops). The displacement 7](x) (when measured for the average line position y = 0) is small, and we compute all relevant properties to lowest order in 7].
Let us construct first the shape of the interface z(x ,y) associated with a given 7](x). This satisfies the Laplace condition
The first term is the unperturbed profile. 
Inserting this into Eq. (11.1) we arrive at an explicit specification for the profile. Inverting the Fourier transforms it can be written explicitly as
(11.4) Equation (11.4) may also be derived directly from a twodimensional electrostatic analog, treating z as a potential and (Jo as a charge density imposed on the contact line. Here we are mostly interested in the energy associated with a given line shape.
The correction to the capillary energy is
integrated on all the regiony > 7](x):
Iql 21T
(11.5)
The reader may check that there is no linear term in 7j(q) in this capillary energy, when one takes into account the Young equilibrium equation for the contact angle (Jo'
The unusual I q I dependence comes from the integration of a q2 energy over a thickness Iq I-I. Again we may Fourier transform this result and write formally
Of course cutoffs must be introduced in Eqs. (11.6) and (11.7) to prevent the singularities at large q (or x~x'):the linearization leading to Eq. (11.3) assumes q7j< 1. Keeping these restrictions in mind, we may write down the external force/which is required to create the distortion 7]:
Physically the most interesting object is the response function R (x -x') giving the deformation field 7](x') for a localized force/Ix') = /18(x -x'). From Eq. (11.5) we find
This gives 10
where L is a large scale cutoff, provided by some macroscop- ic sample size. The general aspect of the response is shown in Fig. 4 , when the forcefl is not strictly restricted to a point, but rather spread out over a small region of linear dimensions d, with a central value
The associated energy is 12) k may be called the spring constant of the contact line for localized peturbations. It will be an essential parameter for our later discussions on hysteresis.
III. WEAK HETEROGENEITIES
Let us now consider a heterogeneous solid surface, described by a random fluctuation h (x ,y) of the work of adhesion, as explained in Sec. I. For the moment we take h (x ,y) to be very small, so that no hysteresis occurs. But, because of the heterogeneity, the contact line is distorted. We want to discuss the statistics of this wiggly line.
As explained in the introduction, h (x ,y) acts as a force pulling the contact line. To a first approximation, for weak distortions 1](x) we may simplify the force as follows: factor i drops out when we take an amplitude squared). We expect that the long range behavior of this particle will be ruled by diffusion, with a diffusion coefficient D:
where D is related to the correlation function of velocities by a classical formula
Equation (111.4) describes a very strong wiggly motion. For a macroscopic size of droplet L, the amplitudes of fluctuation behave like 1]2 -DL, i.e., they increase likeL 1/2. This result has also been obtained independently by Vannimenus and Pomeau (private communication) .
As a specific example, let us choose a one-dimensional correlation function
where 5 is a correlation length for the surface inhomogeneities. Then we have (111.7)
In many practical cases we expect h IrO ~ :S 1 and thus 1]2-L5' For a droplet of millimetric size, with defects of correlation length 5 -10 A we would then expect fluctuations 1] of order one micron. Note that the opposite limit h IrO 6 > 1 is not compatible with our assumptions. There is a natural limit corresponding to a local contact angle on the defect 0 = 0, which is We end up this section with a brief discussion of the line energy (per unit length) or, more precisely, of the contributions to this energy originating from the heterogeneity. From the capillary term (111.6) and the coupling term ( -fJ(qJ;q)) we find a correction per unit length of the form
[for the one-dimensional correlations see Eq. (111.6)].
It is not easy to see, however, how this energy could be detected in practice. Weak heterogeneities give small line energies and large heterogeneities are dominated by hysteretical effects, which we now begin to discuss.
IV. STRONG HETEROGENEITIES-THE SINGLE DEFECT PROBLEM

A. The defect force
We now consider specifically a distribution h (x ,y) with a peak ( shown in Fig. 5 . Far from the defect, the line returns to Y=YL· For our purpose the important parameter is the total force exerted by the defect on the line
where ds is the element of contact line (of position X s ' Ys). The great merit ofEq. (IV.2) is to generate a force which does not involve the whole profile 7J(x), but only its peak value (related to Y m). For a given functional form of the defect structure h (x -x d , Y -Yd) we can then compute explicitly a force/l(Ym -Yd) by Eq. (IV.2). A simple example, to which we shall sometimes refer, is a Gaussian defect
A nice feature of Eq. (IV.3) is that the simplified force (IV.2) is also Gaussian, and thus simple
Another merit ofEq. (II.3) is that, if the chemical contaminants which create the defect were spreading from an initial point source, simple diffusion would indeed generate a Gaussian form. However, in most of what follows, we can pursue our discussion without choosing a specific form for J;, and this gives a much broader generality to our model.
B. Balance of forces
Far from the defect, the line has a fixed ordinate
The line tip (aty = Ym) is then in equilibrium under the action of two forces. One is the force II described above, and the other is a restoring force, tending to bring the line back at Y = Y L· The spring constant for this second force has been 
This leads to a simple graphical construction (see Fig.  6 ). For a given distance between line and defect (Yd -YL) we can find the equilibrium pointsYm. For weak defects (/1/ k small) there is in general only one equilibrium point (no hysteresis). For stronger defects, we can have three equilibrium points. The smallest (Y;") and largest (Y;;') of these are stable, while the intermediate one is unstable.
The onset of hysteresis corresponds to the particular case where the inflection point in/l(Y) has a slope just equal to the spring constant k. For instance in the Gaussian model, this corresponds to 
c. Energy function
The energy associated to the defect is the sum of two contributions: Finally a simple expression can be obtained for the energy function by taking its derivative with respect to the nominalline position YL :
Ym is a function of YL with two determinations Y;" and y;;'· According to the experiment studied one adequate determination is to be chosen.
V. MACROSCOPIC CONTACT ANGLES A. A dilute system of defects
We now want to describe the effect of a distribution of surface defects on the macroscopic contact angles. Let us first assume that all defects are identical, and that they are spread at random on the solid surface, with a number of defects per cm 2 which we call n. We assume that the defects are well separated (nd 2 -( 1). Then it is plausible to assume that the forces are simply additive. The macroscopic force per unit length is by the Young equation 
Thus, Eq. (V.3) describes simply the renormalization of interfacial tensions due to the average density of defects. (V.5)
In this limit of small defect density. we obtain a very general relationship between the advancing and receding angle and the total energy dissipated by one defect around a hysteresis cycle Wd =E(Y+)+E(Y_):
B. Renormalizatlon of the spring constant Our formula (11.11) for the spring constant described a line attracted by one defect and pinned at the sample edges (x <L). For the many defect problem we may guess that L must be replaced by the average distance between defects (as measured along the contact line) which we shall call b. This distance is given by
We shall now give two slightly more detailedjustifications of this point; one based on a periodic system, the other based on the discussion of a pair of defects.
A periodic array
Let us consider a line of defects, located at the points
and we want to analyze the shape of the pinned line.
The line shape can be studied by an expansion in a Four-ier series of period b:
The constant term (p = 0) in this expansion represents the overall displacement of the line. If we focus on one defect, the other defects play the role of an effective medium which create this overall displacement. Weare interested here in the perturbation to this average line.
The Fourier series of the periodic force is
The relation between force and displacement is still given by Eq. (11.9), for a wave vector q = 21T"pb -I:
The relative distortion of the contact line can be determined by using Eqs. (V.8) and (V.9):
2ryO~ -bid IPI ryO~ d Thus this periodic problem leads to a renormalized elastic constant
in agreement with our qualitative prediction.
(V. 10)
The two defect problern-a self-consistent argument
Let us consider two neighboring defects at a distance x = b from each other, and at the samey = YD. We want to look at the perturbation which they introduce on the average contact line. This perturbation can be determined from Eq. (11.2) for the response function
D is not the macroscopic length L but a new integration constant chosen through a self-consistent argument. Between the two defects the contact line goes back to its average (perturbed) position. We find D-b 12.
The effective elastic constant is then k=~= 1T"rO~
1J(d)
In (b Id) and this leads us back to Eq. (V. 10).
VI. CONCLUDING REMARKS A. The role of defect size and shape
We have analyzed the effects of certain localized "defects" on the solid surface--chemical inhomogeneities, characterized by a "strength" ho ( 
B. Defect statistics
Up to now we have assumed that all defects were identical. In practice they will be distributed in strength and in size. Let us, for instance, assume that the size d is fixed, but that we have a distribution p (ho)dh o for the strengths, normalized by
where n, is always the number of defects per unit area, and is assumed small (nd 2 -( I). For each defect, the crucial parameter, controlling the deviation from equilibrium contact angles, and defined in Eq. (V.6), is
Wd(ho)=E(Y+)+E(Y_) (ho;.>h e ). (VI.4)
We have discussed the analytic structure of Wd(h o ) in Sec. IV (see Fig. 9 
and assume that the defects are rather weak (h < he ).
Then, because WAho)-(ho -h e )2 near ho-zhe we find the following structure (this result is simply obtained by calculating the shaded area of Fig. 9 Thus, all hysteresis effects become exponentially small when h<hc'
C. Limitations
The use of Equations such as Eq. (VI. 7) must be conducted with care. On the one hand, it is true that for h < hc the number of pinning defects is small, and thus our assumption on dilution is easily satisfied. On the other hand, various complications may come in. The (few) remaining pinning defects are deforming the contact line very significantly. But our analysis assumed that the local inclination ofthe contact line (dz/ dx in the notation of Sec. II) was small. Returning to Writing f) = hod we see that the range of interest is
If ho becomes comparable to 1TrO ~, we expect more exotic phenomena (a) strong distortions of the contact line, possibly leading to islands of unwetted regions in a wetted matrix (or reversely, to disconnected droplets ofliquid on a dry solid), (b) for small defects (d$1 p,) thermal agitation may allow hopping from one minimum (y m = y;;' ) to the other minimum (y m = y;"). We hope to return to these more delicate questions in future work.
D. Extension to surface roughness
All our discussion has been limited to heterogeneities coming from contaminants on the surface. However our model here is more general and can be extended to surface roughness.
8 Planar surfaces which are smooth but not perfect can also be described by an effective reduction of the work of adhesion h (x, y) .
Let us for example assume that the roughness of the surface is characterized at each point by a height u(x, y) (Fig.  10) . The contact line is parallel to the x axis; the Young (VI.13) Equation (VI. 13 ) shows an equivalence for the two possible kinds of heterogeneities leading to hysteresis for smooth surfaces. The main practical difference is that a contaminated spot leads to an h function with one given sign and one peak (as in Fig. 5 ) while a rugosity bump leads [from Eq. (VI. 13 )] to an h function with a maximum and a minimum. But all our constructions remain valid for both cases.
E. Systematic experiments
The first experimental aim should be to produce controlled defects:
(i) On the 10 p, scale, they could be generated by the deposition of metallic (or other films) in the form of spots with well-defined sizes. This being a rather standard program in microelectronics. In most practical cases, these defects will have rather sharp edges, but with a residual smoothness often controlled by diffusion processes. The graphical construction of Fig. 6 should be essential to discuss such cases.
(ii) One could also generate the defects by chemical grafting (silanation, ... ) on surfaces which are accessible only at certain spots (using photoresist or photolabile film coverages and optical images to define these spots).
Having well specified the defects, one would also like to vary continously their relative strength (measured by hol1TYO ~). This is extremely delicate, but could possibly be achieved with suitable mixtures of two liquids.
Let us now list a few possible experiments: (i) the macroscopic contact angles Oa' Or can be determined by relatively standard procedures. It is much more different to define an experiment leading to the thermodynamic value Oe' Controlled mechanical agitation (e.g., sonication) could, lead to Oe' but this point would require further study, (ii) the contact line, anchored on defects, may in principle display areversible susceptibility ciYL X = -(VI.14)
d (r cos 0) for small modulations of 0 within the hysteresis limits 0 a' Or' andYL being the average line position. For instance with the set up of Fig. 9 one could vary () very slightly ()-+() + d() by shifting the reference Zo; then measure the changes in level of the contact line (dji L) by some optical or electrical technique. However, it must be realized that the displacements d 2 involved are very small (smaller than Y + -Y _ in Fig. 6 ): there experiments appear feasible only with rather large defects (> 1O,u).
Last but not least, one would like to observe directly the structure induced by the defects: (i) statics: the geometrical distortions of the contact near one defect, and the remarkable "Brownian path" 1](x) predicted at larger scales in Eq. (111.4), (ii) dynamics: when a contact line springs from one equilibrium position to the next, it must generate some form of weak noise, similar in origin to the Barkhausen noise of ferromagnets, 9 or to Haynes jumps for biphasic flows in porous media. It may be that these jumps can be detected optically or acoustically; again we hope to return to these questions later. 
APPENDIX: MESA DEFECTS
In this Appendix, we study in great detail the contact angle hysteresis induced by mesa defects. These defects are small regions of space where the difference r SL -r sa is reduced by a given quantity h. We focus here on attractive defects h > 0, the discussion would be identical for repulsive defects (h < 0).
Hysteresis of a single rectangular defect
The defect has the rectangular shape shown in Fig. AI . It sits at a distance 1 of the unperturbed contact line. We do not want to focus on the precise profile of the contact line but on its maximum advancing position y = 1](0). For a given value ofy, we first derive the excess energy due to the defect U (y, 1). The equilibrium positions for yare the minima of this excess energy. Knowing these equilibrium positions and their stability, we build a hysteresis cycle for the advancing and receding experiments. 
a. Defect energy U( y, 1)
The defect energy is the sum of two terms. (i) An elastic energy derived in Sec. II:
(ii) An adhesion energy corresponding to the defect surface covered by the liquid. This adhesion energy is proportional to the surface covered. To calculate this energy U adh , we can in a good approximation ignore the small difference between 1](0) and 1](d /2) and consider that the defect surface covered by the drop is a rectangle. At at given distance I between the defect and the contact line, the value of the total defect energy U( y,l) depends on the value ofy.
If y < 1, the liquid does not cover the defect U adh = 0 and
2 In!:... When the right edge of the defect is too close to the unperturbed contact line, the minimum of the defect energy remains pinned on that defect right edge. The undeformed profile is unstable.
(v) 1< -b the liquid covers the whole defect.
b. Hysteresis of a rectangular defect
We can now describe a receding and an advancing experiment for the perfect plane with one rectangular defect. We study first the defect energy in the corresponding equilibrium state as a function of the contact line position R [ Fig.  (A3) ]. This energy is the minimum value of U(y,l) for the given relative position of the defect and the contact line.
1. Receding experiment. We start with a contact line at infinite distance R which completely covers the defect, the defect energy is U (R ) = -hdb [situation (v) ]. When the position becomes equal to RA the defect pins the contact line [situation (iv)].
The defect energy is U (R
This pinning lasts up to point B where RA -RB = Ie. Decreasing the radius, we reach the stable capture region (iii) for which the defect energy is For a thermodynamic equilibrium experiment, the capture ends at point E where this energy reaches zero
In the receding experiment the equilibrium profile is the metastable one up to point D.
RB -RD = b where it becomes unstable. The defect does not perturb the contact line any longer. 2. Advancing experiment. At the beginning of the experiment the defect is completely uncovered, the liquid does not know of the existence of the defect. This unperturbed profile is stable up to point E, then metastable up to point C where the contact lines reaches the defect and jumps to its stable C' equilibrium conformation RB -Rc = b -Ie. Increasing the radius we follow then the receding experiment.
This energy plot shows a clear hysteresis cycle CC' EDD ' EC. Energy is dissipated at the two points where the contact line jumps C and D. The total dissipated energy when going around this hysteresis cycle is then
The hysteresis effects described in this section are very similar to the hysteresis of a first order magnetic transition. The role of the order parameter is played here by the variable y (maximum distortion of the contact line). Instead of the plot energy distance, a more familiar pair of variables to look at the hysteresis is the forceJ = d U / dR distance plot. This is somehow analogous to the field magnetization plots of magnetic transitions (Fig. A4) .
On this diagram, we can use the usual dissipation some rule: the total dissipated energfy is the area of the hysteresis cycle DCC'D'.
3. Square deject. The rectangular defects are easy to study but they are not very realistic because of their asymmetry. The same kind of study can be made with square defects. The major difference between the two is that the pinning regime is more important for square defects. The energyradius plot is given in Fig. A5 . 
The position of the different points is given by
1ry(J6
The total dissipated energy is
Dilute system of defects-advancing and receding angles a. Dilute system of defects A single defect shows hysteresis but is not sufficient to explain the difference between receding and advancing angles. We need to introduce a certain distribution of defects on the surface. We will work here in the dilute limit where the surface fraction occupied by the defects is small. The centers of the defects are situated at random (but fixed) point rj and the defect density is n(r) = I8(r -r j).
(A7)
This defect density can be separated into two parts an average density n and a fluctuation 8n(r).
For a dilute system of defects, there are no interactions between the defects. The perturbation of the contact line due to the defects; (x) is the sum of the perturbations of all the defects.
; (x) = J J du dl nIx -u,l )1](u,I).
(AS)
The coordinate 1 (Fig. A6) is the distance between the defect and the contact line, 1](x,l) is the profile induced by a single defect at a distance I of the contact line. This profile depends on the type of experiment we are studying receding, advancing or thermodynamic equilibrium, through the domain of interation of the variable 1.
The experimentally measured contact angle is the slope of the liquid gas interface at a large distance from the perturbed contact line. In the small contact angle approximation (J= lim az.
y_,+aay (A9)
The slope is given by Eq. Iql 1ry (J 6 (A12)
The slope (J can be then be written
The defect density is separated into two parts. The Fourier transform of the average density has a Dirac function singularity at the origin and thus leads to a finite contribution to (J (y) even at infinite y. The Fourier transform of the fluctuation 8n(r) has no singularity at the origin it contributes to (J ( y) at finite y but its contribution vanishes at infinity.
The contact angle is then given by 
We have here directly demonstrated for mesa defects the force balance ofEq. (V. 1).
b. Thermodynamic, advancing, and receding angle
Before calculating the contact angle in the three different situations, we need take a further precaution. The equilibrium relationship between the profile and the surface tension (A12) is valid for stable and metastable capture but not in the so-called pinning regime. The results of Sec. IV suggest that in this regime the relevant reduction of the work of adhesion is not h but a smaller quantity helf = 1ry(J 61ln L / dxl '. I' being the distance between the contact line and the right edge of the defect. It is easily seen that using the bare h would produce too strong a force on the defect and the maximum advancing value 1](0) would be outside the defect area. Thus we need to use this effective value of h, which gives no force in the limit where the defect is completely covered I' = 0 and gives back h at the end of the pinning regime.
With this precaution it is simple to determine the advancing receding and thermodynamic angle for a surface with rectangular defects or square defects (see Fig. A4 ). (AlS)
